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PRAMDTL  EQUATION  IN  THE  THEORY  OP  A WING  WITH  A FINITE  SPANi 


Presented  by  Acadeaician  L.  S.  Leybenzon 


Footnote:  »Gizen  at  a seainar  of  the  Institute  of  Mechanics  of  the  AS 


USSR  in  December  1947.  End  footnote 


§1.  Prandtl  [ 1]  obtained  the  following  singular 
integro-differential  equation  for  determining  circulation  in  a flow 
about  a wing  with  a finite  span: 


Here  2a  is  the  wingspan*  &{•*)  is  the  chord  of  its  profile  and 
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■(•*)  its  geoaetcic  angle  of  attack,  V is  the  velocity  af  the  air  flow 
at  infinity,  ■ is  a certain  constant  (approximately  equal  to  2r) , and 
r(x)  is  the  unknown  air  flow  circulation  along  the  wing  profile.  As 
usual,  the  diverging  integral  on  the  left  side  of  the  equation  should 
be  considered  in  the  sense  of  the  nain  Cauchy  value. 

Equation  (1)  has  been  the  object  of  aany  studies.  This  equation 
was  transforaed  into  an  integral  Fredhola  equation  with  a continuous 
kernel*  in  a relatively  recent  study  by  I.  H.  Vekua  [2]. 


Footnote:  «L.  6,  Hagnaradze  [3]  obtained  a siailar  Fredhola  equation 
with  somewhat  different  assumptions  before  I.  n.  Vekua.  End  footnote 


In  this  case,  in  accordance  with  the  etateaent  of  the  problem,  I.  N. 
Vekua  considers  that  ^ (•*)  has  the  fora 


/ W . 


(— a<jc<«i. 


where  is  an  even  analytical  function  in  segment  a<Cx<C.a, 

which  assumes  positive  values  in  it.  The  angle  of  attack  «(■*)  and 
unknown  circulation  r(x)  are  also  assumed  to  be  even  functions  in 
the  sane  segment. 
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In  practice  it  is  extreaely  significant  when  jpW  is  the 
rational  function 


vr- .. 


- -.v’fct'.. 


.(3) 


with  real  coefficients  <**  and  **. 

G.  Shsidt  [4]  found  a sufficiently  effective  solution  (in 
squares)  for  this  case  (at  *»=•<>)  . Then  L.  I.  Sedov  found  this 

solution  solution  in  a different  Banner. 

I.  N.  Vekua  found  that  the  kernel  of  the  Fredhola  eqnation  to 
which  he  had  reduced  equation  (1)  is  degenerate  if  />(-*)' is  rational. 
Therefore,  using  the  method  he  proposed,  in  this  case  the  solution 
can  also  be  obtained  in  finite  forn. 

This  report  presents  a sonevhat  different  approach  to  solving 
equation  (1)  when  function  p{x)  is  rational.  He  feel  that  this 
approach  aay  sonetiaes  haw*  certan  advantages  over  the  others,  since 
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it  can  be  directly  (without  using  a confornal  expression)  transferred 
to  the  more  complex  situation  in  which  the  segment  joining  points  t = 

-a  and  t = a is  curvilinear,  and  coefficients  <**.  **  and  the  free 
terra  in  (1)  are  complex.  We  encounter  this  type  of  complex  Prandtl 
equation  in  certain  problems  of  the  elasticity  theory. 

In  conclusion,  we  will  indicate  an  approximate  method  of  solving 
equation  (1)  which  is  suitable  for  any  function  b(x),  and  which,  in 
our  opinion,  can  have  sufficiently  effective  results. 

Me  will  draw  a profile  along  real  segment  (-a,  a)  on  plane 
x=.x-f-/y,  Ka*-^  is  arbitr  arily  used  to  mean  that  branch  of 

this  function  which  assumes  positive  values  on  the  upper  ban)c  of  the 
profile*. 

Footnote:  ‘Obviously,  in  this  case  V a*— x*  in  formula  (2)  should 

be  considered  to  be  the  limiting  value  of  on  the  upper  bank 

of  the  profile.  End  footnote 

For  definiteness  we  will  say  that  ni  = n*  = n.  Me  can  consider 
the  other  cases  in  a similar  fashion. 
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Wo  will  introduce  the  function 


at  regular  intervals  on  plane  z everywhere  outside  of  the  profile. 
Then,  considering  the  conditions  which  are  norwally  accepted  in  wing 
theory 


i. 


we  will  write  equation  (1)  in  the  following  fora,  after 
transfornation; 


r(<)^<Pi  (o'- <!>.«) 


where  indices  i and  e indicate  that  the  limiting  values  of  the 
functions  to  which  they  are  assigned  are  taken  cn  the  upper  and  lower 
barks  of  the  profile,  respectively. 
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Thpn  setting 


we  will  have 


V'  " 


'i*v  ^>2  H - 


. -‘  ,"  - .-  'it . . ^ 

'% v.(f) = /(^  * /(o  u 4 vot (0  2 ft*  ^ 


Function  is  regular  on  plane  z outside  of  profile  (-a,  a), 

with  the  exception  of  an  infinitely  distant  point  where  it  obviously 
has  a pole  on  the  order  of  2(n-1).  Me  will  introduce  a new  function 
which  is  also  regular  outside  the  profile,  but  which  returns  to  zero 
at  infinity: 

■ . v (9) 

. • ' • ■ 0 . 


where,  at  suitable  values  of  constants  the  second  tern  on  the 

right  side  expresses  the  nain  part  of  the  expansion  (together  with 
the  free  term)  of  function  in  the  vicinity  of  an  infinitely 

far-off  point.  Here  from  (8)  we  will  have 


‘ -r.i  . # - , 


Whence,  after  simple  computations,  we  will  have 


wher*?  C is  a new  randon  constant  and  E{A)  = — depending  on 

■ . 2 2 

whether  k is  even  or  odd. 


Footnote:  i&s  foriulae  (12)  show,  each  of  the  constants 

==  lAt . r r2«  — 1) and  'f*  2(b  — 1))  is  expressed  by  all 

cl(i^  =0,2,  and  ejj;  !(*t  = l.S..-. . ,'2b  — 3),  respectively, 

"•  - 1- . - 

beginning  with  k/=  k-1.  Constant  Cq  depends  on  the  saae 

31  as  Cg  and,  therefore,  can  be  expressed  by 

Cj(*  = 2,..  . , 2(ii-lJ). 

Thus,  we  will  have  all  2n  randoa  constants: 

= 1,2, . 3«  — T)  and  C.  The  conditions  for  finding  then  are 

given  below.  Henceforth  constants  = o.  l/. . . , 2(i« -l))  will  not  be 


necessary 
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We  note  that  constant  ‘li  (at  k*  = kj  = 
should  be  considered  to  be  equal  to  zero.  End 


0)  in  formula 
footnote 


(12) 


Including  C in  constant  Cq  and  using  the  previous  designations  for 
it,  based  on  formulae  (7)  and  (9)  we  will  have 


1 


2»-, 


»^a*  - 


. i 


From  equation  (13)  we  will  have 


here  Cj,  is  a new  random  constant  and,  furthermore,  tha  following 
designations  are  introduced 
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nz)  = (/a« n f--— 

, Vv  «•  — 1*  — /<*—«*)  -f  Y*  / 

Q(2’)=  -—-(^(z)  f -*  --  ^ 

«(*)!  ra'-  'iS-  7-  ^ I 


. 0 , 


(15) 


where  **  are  the  roots  to  polynomial  g (z)  which,  by  definition,  lie 
outside  of  segment  (-a,  a)  and  are  assumed  to  te  simple  for 
convenience;  p*(it=0,l, . . . , 2n)  are  certain  constants,  the  first 

of  which  Pq  is  real;  Zq  is  the  initial  point  of  integration  and^ 


Footnote;  * Me  should  take  T*  to  be  the  value  of  the  selected  branch 
at  * — t End  footnote 


52.  Analytical  function  T (z)  will  be  sing le- valued  on  a plane  on 
which  2n  more  other  profiles^  are  drawn  in  a certain  fashion  from 
points  a*  along  with  the  above  profile  along  the  real  segment  (-a. 
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I 

I 


Footnote:  ^At  least  one  of  these  profiles  should  be  drawn  to  an 
infinitely  distant  point.  End  footnote 

Here,  obviously,  the  integration  curve  in  (14),  which  -joins  z 
and  Zg,  should  neither  intersect  the  profiles,  nor,  generally 
speaking,  contain  points  **• 

In  accordance  with  formula  (4),  we  will  select  the  constants 
= 0,1,...,  2n)  go  that  function  <l>{z)  is  regular  at  points 

and  returns  to  zero  at  infinity. 

»e  will  first*  assume  that  fig  > -1. 

Footnote:  *Based  on  the  assumptions  made  with  respect  to  coefficients 

«*  and  constant  Pq  > 0.  However,  here  we  are  only  considering  the 
■ore  general  case  which  is  of  interest  in  several  other  problems.  End 
footnote 


I 
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In  this  case,  setting  f i»  =*  0,  we  will  take  an  infinitely 

distant  point  as  Zq.  Then 


^ ' . ■ . (g^  ■ t.  r }■ 


Expanding  the  right  side  of  this  fornula  into  a series  at 
sufficiently  large  values  of  modulus  z,  it  is  easy  to  prove  that 
<l>(z) 

is  single-valued  in  the  vicinity  of  an  infinitely  far-off  point 
and  returns  to  zero  at  infinity. 


Further,  near  « = «»  we  will  have 


T (z)  = (z  — «*)  * {*«,+  ‘i*  (*“  **)  "i*  . 


V ?*  = , 


T* 


Jk* 


where  Cjjk  and  are  certain  constants. 


If  Re(%)<0  (♦  =*  4 ^^then  in  order  for  function  ^{z)  to  be 

the  following  equalities  must  be 


regular  at  points  ? = «*. 

observed 


I 
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J7“«  . 


(*  = 1. 


(18) 


Wo  will  allow  that  this  systes  can  be  solved  relative  to 
constants  • • • • 2n  1).  Then,  detecnining  the  latter  from  it  and 

substituting  their  valaes  in  (16),  we  will  find  the  required  function 
0(r). 


Considering  fig  > -1  like  before,  we  will  examine  the  case  in 
which  certain  of  Re(v*)>0.  He  will  say  that  Re (»»)  = «»  + pi», 

where  is  the  largest  whole  nuaber  contained  in  the  real  part,  of  v, 

and  It  is  easy  to  see  that  the  corresponding  equations 

in  (18)  will  look  different  in  this  case. 


Substituting  formula  (16)  in  form 


on  the  basis  of  (17)  and  observing  that  the  function  included  under 
the  sign  of  the  integral  in  these  equations  is  is  absolutely 
integrable  at  2 = «*.  instead  of  certain  of  (18)  we  will  obtain  the 

following  equations  which  provide  regularity  of  ,d>(7)  at  the  points 

► • 

in  question: 
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It-  • 


0. 


If  lin(»*)  = |t*  = 0,  , for  any  value  of  k,  the  corresponding 
equation  fron  the  latter  nust  be  replaced  by  condition  «i^*=‘P. 

Nov  we  will  proceed  to  the  case  of  po  < -1»  for  brevity  limiting 

ourselves  to  the  assumption  that  Re(w,)<0(*=l 2n).  Let  po  = 

■“  (Ho  + fJo)  t where  Hq  is  a positive  integer  and  0 < pg  < 1. 


Taking  Zq  0 in  (14)  as  the  initial  point  of  integration  in 
this  case,  instead  of  (18)  we  will  have  the  following  equations  (also 

following  from  the  condition  of  regularity  of  <1>(2)  at  the  points  in 
question)  : 


(21) 


Subsequently,  designating  A as  a fixed  number  with  a rather 
large  modulus  and  considering  the  expansion 


= V 


in  the  vicinity  of  an  infinitely  distant  point,  where  **  are  certain 


constants,  we  will  rewrite  (14)  as  follows 


infinity,  the  following  equation  Bust  be  added  to  system  (21) 


,*+»+fc 


Oeteraining  constants 


Tn  particular,  at  mo  = 0 necessary  to  requiro  observation 
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As  we  saw,  function  wns  regular  in  the  wicinity  of  an 

infinitely  far-off  point  in  all  the  cases  in  question.  Purtheraore, 
under  the  conditions  (18),  (20)  or  (21),  (23)  (and  the  partial 

changes  in  then),  which  we  will  consider  to  be  satisfied  for  each 
case,  /.  does  not  hawe  peculiarities  on  the  plane  with  profile 

(-a,  a).  Consequently,  it  is  single-valued  on  it.  Whence  it  follows 
that  the  integral  in  (14),  taken  for  segaent  (-a,  a),  should  be  equal 
to  zero.  The  latter,  in  turn,  aakes  it  possible  to  easily  determine 
that  the  unknown  function  doteriined  by  on  the  basis  of 

(6),  satisfies  equations  (5). 

Note.  In  conclusion  we  will  briefly  discuss  the  case  when  p(t) 
is  any  analytical  function  in  segment  (-a,  a).  We  will  say  that 
function  p(t)  assumes  identical  values  at  the  geoaetrically 
coinciding  points  on  the  upper  and  lower  banks  of  profile  (-a,  a) . 
Then,  using  the  conforaal  reflection  of  the  plane  with  the  same 
profile  on  the  circuaf erence  of  a single  circle,  after  certain 
computations  we  will  have 


FTD-ID(RS)I-0185-77 


DOC  = 0185 


16 


where  — a*  is  an  Isaginary  positire  nuabec  on  the  upper  bank  of 

the  profile. 


Now  we  will  designate  XY)  as  the  sua  n+l  of  the  first  tcras 
(including  the  first  tera)  of  series  (24)  and  we  will  assume  that 
function  p(t)  is  approxiaately  egual  to  X(f)  (which  is  peraissible 
in  practice,  beginning  with  a certain  n) , Noting  that  here 

we  will  transfora  equation  (1)  into  a fora 
analogous  to  (8),  setting 


X(*) 


— ^ (25) 


I , 


From  this  point  on  we  continue  analogously  to  the  above 
proced  ure. 
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